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5D SYM and 2D q-Deformed YM
Yasutaka Fukuda, Teruhiko Kawano, and Nariaki Matsumiya
Department of Physics, University of Tokyo, Hongo, Tokyo 113-0033, Japan
We study the AGT-like conjectured relation of a four-dimensional gauge theory on S3 × S1
to two-dimensional q-deformed Yang-Mills theory on a Riemann surface Σ by using a five-
dimensional N = 2 supersymmetric Yang-Mills theory on S3 × Σ, following the conjectured
relation of the six-dimensional N = (2, 0) theory on S1 to the five-dimensional Yang-Mills
theory. Our results are in perfect agreement with both of the conjectures.
1 Introduction
The authors of the paper [1] have discussed that the partition function (the superconformal
index) of a four-dimensional N = 2 gauge theory on S3 × S1 is given by two-dimensional
q-deformed Yang-Mills theory on a Riemann surface Σ in the zero area limit. This is
analogous to the Alday-Gaiotto-Tachikawa relation [2] of a four-dimensional N = 2 gauge
theory on S4 and two-dimensional Liouville theory on a Riemann surface Σ. Following the
prescription [3] of Gaiotto, the four-dimensional gauge theories are specified by the corre-
sponding Riemann surface Σ, and it is widely thought that the putative six-dimensional
N = (2, 0) theories on S3 × S1 × Σ and S4 × Σ underlie behind the former relation and
the latter one, respectively.
However, the six-dimensional N = (2, 0) theory has not yet been formulated as a
full-fledged theory. Therefore, one cannot use the N = (2, 0) theory to check the relations
directly. But, it has been argued in [4, 5] that a five-dimensional N = 2 Yang-Mills theory
itself yields the full N = (2, 0) theory on S1. If this is the case, we can study the proposal
of [1] more directly by using the five-dimensional N = 2 Yang-Mills theory on S3 × Σ.
In this paper, we will carry out the localization procedure in the five-dimensional theory
to seek the relation of it with the two-dimensional q-deformed Yang-Mills theory on the
Riemann surface.
In the previous paper [6], two of us have already studied the partition function of the
five-dimensional N = 1 Yang-Mills theory on S3 × IR2 by using localization1, and found
that it yields two-dimensional bosonic Yang-Mills theory on IR2. On the flat IR2, it was
not possible to distinguish between the ordinary Yang-Mills theory and the q-deformed
one.
In this paper, therefore our previous results on the S3 × IR2 in [6] will be extended to
the N = 1 theory on S3×Σ with Σ a closed Riemann surface. It will be further extended
to the N = 2 theory by introducing a hypermultiplet into the N = 1 theory. We will
1See [7, 8, 9, 10, 11, 12, 13, 14, 15, 16] for recent related works on five-dimensional supersymmetric
gauge theories.
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compute the partition function in the resulting five-dimensional N = 2 theory by carrying
out the localization method, and will find that it is identical to the partition function of
the two-dimensional q-deformed Yang-Mills theory. We will see that the parameter q
derived from the five-dimensional theory is given in terms of the gauge coupling constant
and the radius of the round S3, and it is in perfect agreement with the prediction from
the conjecture of [4, 5] on the six-dimensional N = (2, 0) theory.
In the next section, we will give a very brief review on the quantization of the two-
dimensional q-deformed Yang-Mills theory on a closed Riemann surface Σ, and a five-
dimensional supersymmetric Yang-Mills theory on a flat Euclidean space IR5 will be given
in section 3.
In order to put the five-dimensional theory on S3 × Σ, we will explain the Killing
spinors on the round S3 and the “partial twisting” [17, 18] on the surface Σ to define a
supersymmetry transformation on the S3 × Σ in section 4, and give the supersymmetry
transformations, their algebra, and the Lagrangian on the S3 × Σ in section 5.
In section 6, we will carry out the localization procedure to compute the partition
function of the five-dimensional theory. It will turns out that the result of summing up
the one-loop determinants yields the partition function of the two-dimensional q-deformed
Yang-Mills theory, but not of the two-dimensional ordinary Yang-Mills theory.
In section 7, we will discuss that the parameter q calculated in the five-dimensional
theory is in perfect agreement with the prediction of the conjecture [4, 5] for the six-
dimensional N = (2, 0) theory.
In appendix A, our notations on the gamma matrices will be explained. Since we
will need the Clebsch-Gordan coefficients in the one-loop calculation in section 6, the
Clebsch-Gordan coefficients necessary for the calculations are listed in appendix B.
2 Two-Dimensional q-Deformed Yang-Mills Theory
on Σ
We begin with a very brief review on two-dimensional Yang-Mills theory on a closed
Riemann surface Σ. For more details, see [19, 20]. The two-dimensional Yang-Mills
theory with the gauge group2 G on the Riemann surface Σ is described by gauge fields
vz, vz¯ with the Lagrangian
3
tr
[
(gz¯zvz¯z)
2
]
,
where the field strength vz¯z is defined by ∂z¯vz − ∂zvz¯ + ig [vz¯, vz], and gz¯z is the Ka¨hler
metric on Σ.
Introducing a scalar field φ in the adjoint representation of G, one may rewrite the
Lagrangian into
LYM = tr
[
φ2 − 2iφ gz¯zvz¯z
]
.
Let us consider the quantization of this system by the path integral. The first term in
the Lagrangian will be treated as a perturbation, and the second term is the bosonic part
2We assume that the gauge group G is simple.
3The Lagrangian is the conventional Yang-Mills Lagrangian multiplied by a factor two, in our con-
vention.
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of the Lagrangian of a topological field theory. We will first perform the path integral
over the gauge fields. To this end, by using a gauge transformation
φ→ φ+ ig [ω(z, z¯), φ] , vz → vz −Dzω(z, z¯),
we impose the gauge fixing condition on the scalar field φ,
φ(z, z¯) =
r∑
i=1
φiHi, (1)
where Hi (i = 1, · · · , r) are the generators of the Cartan subalgebra of G of rank r.
Integrating over the Cartan part of the fluctuations
v˜z(z, z¯) =
r∑
i=1
v˜iz(z, z¯)Hi,
of the gauge fields, one obtains the delta functions imposing the conditions
∂zφ
i = 0, ∂z¯φ
i = 0,
on φ, and they require that φi should be a constant. Then, the remaining fluctuations v˜z,
v˜z¯ of the gauge fields, which should be integrated about the classical solution φ
i = const.,
are
v˜z =
∑
α∈Λ
v˜αz (z, z¯)Eα,
where Λ is the set of all the roots of the Lie algebra of G, and the root generators Eα
satisfy the algebra
[Hi, Eα] = αiEα, [Eα, E−α] =
r∑
i=1
αiHi ≡ α ·H,
with the normalization
tr
[
H iHj
]
= δi,j, tr[E−αEα] = 1.
Therefore, the Lagrangian LYM gives
Lcl −
∑
α∈Λ
2g (α · φ) gz¯z v˜−αz¯ v˜αz ,
with (α · φ) =∑ri=1 αiφi, where Lcl is the classical value of the Lagrangian LYM given by
r∑
i=1
[
φiφi − 2igz¯zviz¯z φi
]
,
with the non-trivial first Chern class
∫
Σ
vizz¯dz ∧ dz¯ 6= 0.
We will add the gauge-fixing term and the ghost term∑
α∈Λ
[
b−αφα − 2g (α · φ) c¯−αcα] ,
3
with the auxiliary fields and the ghosts
b(z, z¯) =
∑
α∈Λ
bα(z, z¯)Eα, c(z, z¯) =
∑
α∈Λ
cα(z, z¯)Eα, c¯(z, z¯) =
∑
α∈Λ
c¯α(z, z¯)Eα,
to impose the gauge fixing condition (1) correctly.
The integration over the fields bα and φα is trivial, while the integration over the
fluctuation of the gauge fields and the pair of ghosts gives
∏
α∈Λ
Det(0,0) [2g (α · φ)]
Det(1,0) [2g (α · φ)] ,
where Det(p,q) [D] is the functional determinant of the operator D over the space of the
(p, q)-forms on the Riemann surface Σ. As explained in [19], due to the Hodge decompo-
sition, it yields ∏
α∈Λ
[2g (α · φ)]χ(Σ)/2 =
∏
α∈Λ+
[2ig (α · φ)]χ(Σ) , (2)
up to an overall constant, with Λ+ the set of the positive roots, where χ(Σ) is the Euler
character of Σ.
Let us proceed to the q-deformed Yang-Mills theory by making the scalar φi periodic.
Following [20], we will use the method of images to extend (2) to this case. For brevity,
we will take the SU(2) gauge group, and the measure (2) is replaced via the method of
images by
∞∏
n=−∞
(
2
√
2igφ+ i
n
l
)χ(Σ)
=
[
2i sin
(
2
√
2πglφ
)]χ(Σ)
, (3)
for the periodicity φ→ φ+ n/(2√2gl), with the abbreviation φ = φ1 here. Note that the
zeta regularization has been used.
Since the classical Lagrangian Lcl contains the term −4
√
2πmφ/g from the non-trivial
flux
1
2π
∫
Σ
vz¯zdz¯ ∧ dz =
√
2
g
m, (m ∈ ZZ)
whose normalization will be explained in section 7, summing over all the fluxes m reduces
the integration over φ into the summation over φ = ing/(2
√
2) with n ∈ ZZ. Therefore, at
each point φ = ing/(2
√
2), the measure (3) yields
[
2i sin
(
πig2ln
)]χ(Σ)
= [n]χ(Σ)q ,
with q = exp(−2πg2l), where [x]q =
(
qx/2 − q−x/2). Na¨ıvely speaking, this is why this
theory is called the q-deformed theory.
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3 Five-Dimensional Super Yang-Mills Theory on IR5
Let us proceed to a brief explanation about a five-dimensional supersymmetric Yang-Mills
theory on IR5, which can be obtained by the dimensional reduction in the time direction of
six-dimensional maximally supersymmetric Yang-Mills theory in a flat Minkowski space.
In terms of five-dimensional N = 1 supermultiplets, the vector multiplet in the N = 2
theory consists of an N = 1 vector multiplet and an N = 1 hypermultiplet in the adjoint
representation of the gauge group G.
The vector multiplet consists of a gauge field vM (M = 1, · · · , 5), a real scalar field σ,
auxiliary fields Dα˙β˙ , and a spinor field Ψ
α˙, where the indices α˙, β˙ label the components
of the fundamental representation 2 of SU(2) R-symmetry4. The spinor field Ψα˙ obeys
the symplectic Majorana condition
(Ψβ˙)TC5ǫβ˙α˙ = (Ψα˙)
† ≡ Ψ¯α˙,
where T denotes the transpose, and ǫα˙β˙ is the invariant tensor of the SU(2) R-symmetry.
The auxiliary fields Dα˙β˙ are anti-Hermitian and in the adjoint representation of the SU(2)
R-symmetry;
Dα˙β˙ = −(Dβ˙ α˙)†, Dα˙γ˙ ǫγ˙β˙ = Dβ˙ γ˙ ǫγ˙α˙, Dα˙α˙ = 0.
Our notations for the charge conjugation matrix C5 and the gamma matrices Γ
M are
explained in appendix A. Since all the fields are in the adjoint representation of the
gauge group G, they are denoted in the matrix notation as
Φ = ΦATA
with the normalization5 tr
[
TATB
]
= δAB.
On a flat Euclidean space IR5, the Lagrangian L(0)V of the vector multiplet is given6
by
tr
[
−1
4
vMNv
MN +
1
2
DMσD
Mσ + iΨ¯α˙Γ
MDMΨ
α˙ − gΨ¯α˙
[
σ, Ψα˙
]− 1
4
Dα˙β˙D
β˙
α˙
]
, (4)
where vMN is the field strength
vMN = ∂MvN − ∂NvM + ig [vM , vN ] ,
of the gauge field vM , and the covariant derivatives DMΦ is given by
DMΦ = ∂MΦ + ig [vM , Φ] .
The Lagrangian L(0)V is left invariant under a supersymmetry transformation
δ
(0)
Σ vM = −iΣ¯α˙ΓMΨα˙, δ(0)Σ σ = iΣ¯α˙Ψα˙,
δ
(0)
Σ Ψ
α˙ = −1
2
(
1
2
vMNΓ
MNΣα˙ + ΓMDMσΣ
α˙ +Dα˙β˙Σ
β˙
)
, (5)
δ
(0)
Σ D
α˙
β˙ = i
[
DMΨ¯β˙Γ
MΣα˙ + Σ¯β˙Γ
MDMΨ
α˙ + ig
([
σ, Ψ¯β˙
]
Σα˙ + Σ¯β˙
[
σ, Ψα˙
])]
,
4Although the R-symmetry of the N = 2 theory is SO(5), its subgroup SO(4) ≃ SU(2) × SU(2) is
manifest in terms of the N = 1 supermultiplets, and we will respect only one of the two SU(2)s, in this
paper.
5The gauge group G is assumed to be simple.
6The sign of the Lagrangian L(0)V is opposite to the one in the previous paper [6].
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where the transformation parameter Σα˙ is also a symplectic Majorana spinor;
Σ¯α˙ = (Σ
β˙)TC5ǫβ˙α˙.
The hypermultiplet consists of complex scalar fields Hα˙, a spinor field Ξ, and auxiliary
fields FHα (α = 1, 2), where the index α is distinct from the one α˙ of the SU(2)R symmetry.
Since they all transform in the adjoint representation under a gauge transformation, they
are also denoted in the matrix notation.
They have the free Lagrangian L(0)H and the interaction L(0)int with the vector mul-
tiplet, and they are given by
L(0)H = tr
[−DMH¯ α˙DMHα˙ − iΞ¯ΓMDMΞ + F¯HαFHα], (6)
L(0)int = tr
[
g2
[
σ, H¯ α˙
]
[σ, Hα˙] + igD
α˙
β˙
[
H¯ β˙, Hα˙
]
− gΞ¯ [σ, Ξ] (7)
−2gΞ¯ [Hα˙, Ψα˙]+ 2g [H¯ α˙, Ψ¯α˙]Ξ
]
,
where H¯ α˙ is the complex conjugate of Hα˙, and Ξ¯ = Ξ
†. They are left invariant under a
supersymmetry transformation [8]
δ
(0)
Σ Hα˙ = −iΣ¯α˙Ξ,
δ
(0)
Σ Ξ =
(
ΓMDMHα˙ + ig [σ, Hα˙]
)
Σα˙ + FHαΣˇ
α, (8)
δ
(0)
Σ FHα = i
¯ˇΣα
[
ΓMDMΞ− ig [σ, Ξ]− 2ig
[
Hβ˙, Ψ
β˙
]]
,
if accompanied by the transformation (5). The transformation parameters Σˇα are linearly
independent spinors of Σα˙ and also obey the symplectic-Majorana condition
¯ˇΣα =
(
Σˇβ
)T
C5ǫβα.
The supersymmetry transformation (5),(8) yields a closed algebra on any field Φ in
the vector multiplet and the hypermultiplet for the supersymmetry parameters Θα˙, Σα˙,
specified in section 4 as[
δ
(0)
Θ , δ
(0)
Σ
]
Φ = ξM∂MΦ+ δGΦ ≡ δ(0)Φ,
with
ξM = iΘ¯γ˙Γ
MΣγ˙ ,
where δG is a gauge transformation with the parameter
ω = i
[
Θ¯γ˙Γ
MΣγ˙vM + Θ¯γ˙Σ
γ˙σ
]
, (9)
and therefore, on an adjoint field Φ,
δGΦ = ig [ω, Φ] .
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4 SUSY Parameters on S3 × Σ
In the previous paper [6], we have considered the N = 1 supersymmetric Yang-Mills
theory on S3 × IR2, where we have picked up the Killing spinor ǫ on the unit round S3
obeying the Killing spinor equation
∇mǫ = i
2
γmǫ, (m = 1, 2, 3) (10)
with the spin connection ωabm (a, b = 1, 2, 3) of the unit round S
3 in the covariant derivative
∇mǫ = ∂mǫ+ 1
4
ωabmγ
abǫ,
and have formed the supersymmetry transformation parameter Σα˙ (α˙ = 1, 2) given by
Σα˙=1 = ǫ⊗ ζ+, Σα˙=2 = C−13 ǫ∗ ⊗ ζ−, (11)
where ∗ denotes the complex conjugation, and two-dimensional Weyl spinors7
ζ± =
1√
2
(
1
±i
)
,
on IR2 are the eigenvectors of iΓ4Γ5; iΓ4Γ5ζ± = ±ζ±.
One of important properties of the parameter Σα˙ is that it obeys the condition
Γ45Σα˙ = −2iN α˙β˙Σβ˙ ≡ −2Σ˜α˙, ,
where the matrix N α˙β˙ is defined by
(
N α˙β˙
)
=
1
2
σ3,
and another condition
∇mΣα˙ = iN α˙β˙ΓmΣβ˙ = ΓmΣ˜β˙ ,
is a direct consequence of the Killing spinor equation (10) of ǫ.
The linearly independent parameter Σˇα is then given by
Σˇα=1 = ǫ⊗ ζ−, Σˇα=2 = C−13 ǫ∗ ⊗ ζ+, (12)
and obeys the similar conditions
Γ45Σˇα = 2iNαβΣˇ
β ≡ −2 ˜ˇΣα, ∇mΣˇα = −iNαβΓmΣˇβ = Γm ˜ˇΣα,
where
(Nαβ) =
1
2
σ3.
7They were denoted as χ± in the previous paper [6].
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When we replace IR2 in S3× IR2 by a Riemann surface Σ, we would like to keep using
Σα˙ as a supersymmetry transformation parameter on S3 × Σ. To this end, one needs to
introduce a background gauge field by gauging the SU(2)R symmetry. Suppose that the
covariant derivative on a Weyl spinor ξ+ of positive chirality on the Riemann surface Σ
is given by
∇zξ+ =
(
∂z − i
2
ωz
)
ξ+,
with the spin connection ωz on Σ, and then the gauging of the SU(2)R symmetry yields
the covariant derivative
∇zΣα˙ = ∂zΣα˙ + 1
2
ωzΓ
45Σα˙ + iAα˙z β˙Σ
β˙ = ∂zΣ
α˙ + i
(
Aα˙z β˙ − ωzN α˙β˙
)
Σβ˙ (13)
on the parameter Σα˙. We here have identified the local complex coordinates z, z¯ on Σ
with z = x4 + ix5, z¯ = x4 − ix5. If one takes the background gauge field Aα˙z β˙ as
Aα˙z β˙ = ωzN
α˙
β˙,
it is obvious from (13) that the parameter Σα˙ in (11) yields a covariantly constant spinor
on Σ so that Σα˙ is well-defined on the Riemann surface Σ.
As for the other parameter Σˇα, we will introduce a background gauge field Aˇαz β =
−ωzNαβ to make Σˇα covariantly constant and so well-defined on Σ.
This “partial twisting” [17, 18] affects the spin representations of the fields carrying
the indices of the SU(2)R symmetry or the index α of another SU(2) symmetry. In order
to see this and also for later use, it is convenient to give the gauge field vM and the spinor
Ψα˙ in the vector multiplet in terms of three-dimensional tensors and spinors as
vm (m = 1, 2, 3), vz =
1
2
(v4 − iv5) , vz¯ = 1
2
(v4 + iv5) ,
Ψα˙=1 = λ⊗ ζ+ + ψ ⊗ ζ−, Ψα˙=2 = C−13 ψ∗ ⊗ ζ+ + C−13 λ∗ ⊗ ζ−,
D = D11 + g
z¯z vz¯z, Fz =
1
2
D12, F¯z¯ =
1
2
D21.
As for the hypermultiplet,
(Hα˙) =
(
H1
H2
)
=
(
H˜
(H)∗
)
,
Ξ = χ˜⊗ ζ+ + C−13 (χ)∗ ⊗ ζ−.
In terms of these fields, after the partial twisting, in the vector multiplet, λ becomes a
scalar on Σ, while ψ becomes a (1, 0)-form ψz . The auxiliary fields D and Fz are a scalar
and a (1, 0)-form, respectively. In the hypermultiplet, the scalars H˜ , H become Weyl
spinors of positive chirality, while χ˜, χ are unaffected to remain Weyl spinors of positive
chirality. The auxiliary fields FH1 and FH2 become Weyl spinors of negative chirality and
positive chirality, respectively.
8
5 Supersymmetry on S3 × Σ
When going onto the S3×Σ, we turn on the spin connections of S3×Σ and the background
gauge fields Aα˙β˙, A
α
β in the covariant derivatives in the supersymmetry transformation
(5), (8). However, the supersymmetry transformation (5), (8) no longer yields a closed
algebra, since the supersymmetry parameters Σα˙, Σˇα aren’t covariantly constant along
the S3, although the gauging of the SU(2)R symmetry and the other SU(2) symmetry
makes them covariantly constant along the Riemann surface Σ.
In order to give a closed algebra of the supersymmetry transformations on S3×Σ, one
needs to modify the transformations by adding the terms
δ′ΣD
α˙
β˙ = −2i
(
¯˜Σβ˙Ψ
α˙ + Ψ¯β˙Σ˜
α˙
)
,
to (5) for the vector multiplet and
δ′ΣΞ = 2Hα˙Σ˜
α˙, δ′ΣFHα =
i
2
¯ˇΣαΓ
45Ξ,
to (8) for the hypermultiplet.
The modified transformation δΣ = δ
(0)
Σ + δ
′
Σ indeed gives the closed supersymmetry
algebra on any field Φ in the vector multiplet and the hypermultiplet as
[δΘ, δΣ] Φ = £ξΦ + δGΦ + δRΦ,
with the parameters (11),(12), and their analogues Θα˙, Θˇα where ǫ is replaced by a
solution η to (10) in (11),(12), respectively. The transformation δG is the same gauge
transformation as before with the parameter (9), and δR is the transformation of a U(1)
subgroup of the SU(2)R symmetry and the other SU(2) symmetry and is given by
δRΦ
α˙ = 2i
(
¯˜Θβ˙Σ
α˙ − ¯˜Σβ˙Θα˙
)
Φβ˙, δRΦα = −2iΦβ
(
¯ˇΘα
˜ˇΣβ − ¯ˇΣα ˜ˇΘβ
)
,
for the fundamental representation Φα˙ of the SU(2)R and the anti-fundamental repre-
sentation Φα of the other SU(2). The partial derivative which was in the translation is
replaced by the Lie derivative £ξ with respect to the vector ξ
M = iΘ¯γ˙Γ
MΣγ˙ . Here we
have defined the Lie derivative £ξ on a five-dimensional spinor field Ψ as
£ξΨ = ξ
M∇MΦ + 1
4
(∇MξN) ΓMNΨ.
Note that the translation in IR5 is extended to the infinitesimal diffeomorphism with the
parameter ξM on the curved space S3 × Σ, and the diffeomorphism also transforms the
background vielbein non-trivially. Therefore, the Lorentz transformation in the second
term of the above definition is needed to compensate the diffeomorphism in order to keep
the background vielbein intact.
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In terms of the three-dimensional fields, the supersymmetry transformation yields
δΣvm = −i
[
ǫ¯γmλ− λ¯γmǫ
]
, δΣvz = −ǫ¯ψz, δΣσ = i
[
ǫ¯λ− λ¯ǫ] ,
δΣλ = −1
2
[
1
2
vmnγ
mn + γmDmσ +D
]
ǫ,
δΣψz =
[
ivmzγ
mǫ− iDzσǫ− Fz C−13 ǫ∗
]
, (14)
δΣD = i
[
Dmλ¯γ
mǫ+ ǫ¯γmDmλ+ ig
([
σ, λ¯
]
ǫ+ ǫ¯ [σ, λ]
)
+
i
2
(
ǫ¯λ− λ¯ǫ) ],
δΣFz = i
[
−ǫTC3γmDmψz + 2iǫTC3Dzλ+ igǫTC3 [σ, ψz]− i
2
ǫTC3ψz
]
,
for the vector multiplet, and
δΣH˜ = −iǫ¯χ˜, δΣH = −iǫ¯χ,
δΣχ˜ =
[
DmH˜γ
m + ig
[
σ, H˜
]
+ iH˜
]
ǫ+ [−2i (DzH)∗ + FH2]C−13 ǫ∗,
δΣχ = [DmHγ
m + ig [σ, H ] + iH ] ǫ+
[
2i
(
DzH˜
)∗
− (FH1)∗
]
C−13 ǫ
∗,
δΣFH
∗
1 = i
[
(Dmχ)
T C3γ
m + 2i (Dzχ˜)
† +
i
2
χTC3 + ig
[
σ, χT
]
C3 (15)
+2ig
([
H˜∗, ψ¯
]
+
[
H, λT
]
C3
)]
ǫ,
δΣFH
∗
2 = −i
[
(Dmχ˜)
† γm + 2i (Dzχ)
T C3 +
i
2
χ˜† − ig [σ, χ˜†]
−2ig
([
H˜∗, λ¯
]
+
[
H, ψT
]
C3
)]
C−13 ǫ
∗,
for the hypermultiplet.
The Lagrangians L(0)V , L(0)H , L(0)int in the IR5 need to be covariantized in order to put them
on the curved space S3×Σ. In addition, the gauging of SU(2)R symmetry and the other
SU(2) symmetry in them will be done to consider the supersymmetry transformation
(14), (15) with the parameters (11), (12) of the Lagrangians.
However, these aren’t enough to obtain invariant Lagrangians under the transforma-
tion (14), (15), and to this end, one needs additional terms to the covariantized La-
grangians. In fact, it turns out that the additional terms to L(0)V of the vector multiplet
are given by
L′V = tr
[
N α˙β˙Ψ¯α˙Ψ
α˙ +
(
iN α˙β˙D
β˙
α˙ − 1
2
εijvij
)
σ + σ2 +
1
2
ωc.s.
]
= tr
[
1
2
gz¯zψ¯z¯ψz + λ¯λ+ σσ + iσ (D − 2gz¯zvz¯z) + 1
2
ωc.s.
]
,
with the Chern-Simons term
ωc.s. = ε
mnk
(
vm∂nvk +
i
3
g vm [vn, vk]
)
,
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and to L(0)H of the hypermultiplet,
L′H = tr
[
− i
2
Ξ¯ Γ45Ξ− H¯ α˙Hα˙
]
= −tr
[
1
2
( ¯˜χχ˜ + χ¯χ) +
(
H˜∗H˜ +H∗H
)]
.
With these terms, one can verify that the Lagrangian
LV = L(0)V + L′
= tr
[
− 1
4
(vmn)
2 − gz¯zvmz¯vmz + 1
2
(Dmσ)
2 + gz¯zDzσDz¯σ − 1
2
D2 + gz¯zvz¯zD
−gz¯zF¯z¯Fz + 2iλ¯γmDmλ− igz¯zψ¯z¯γmDmψz − 2gz¯zψ¯z¯Dzλ− 2gz¯zDz¯λ¯ ψz
−g (2λ¯ [σ, λ] + gz¯zψ¯z¯ [σ, ψz])
+
1
2
gz¯zψ¯z¯ψz + λ¯λ+ σσ + iσ (D − 2gz¯zvz¯z) + 1
2
ωc.s.
]
of the vector multiplet is left invariant under the supersymmetry transformation (14), and
the total Lagrangian L = LV + L(0)H + L(0)int + L′H under (14), (15).
6 Localization
In this section, we will compute the partition function of the N = 2 theory on the
S3 × Σ by using the localization method. In the next subsection, we will calculate the
contribution from the vector multiplet to the partition function, which can be regarded
as the extension of our previous results [6] about the N = 1 theory on S3 × IR2 for the
S3×Σ. And we will see that the N = 1 theory on the S3×Σ yields the partition function
of two-dimensional Yang-Mills theory on Σ.
In subsection 6.2, we will proceed to the calculations of the contribution from the
hypermultiplet and will find that it yields no contributions to the partition function of
the N = 2 theory on the S3 × Σ.
6.1 The Contribution from the Vector Multiplet
In the Lagrangian LV , the kinetic terms of the bosonic fields σ, D, Fz, and F¯z¯ have the
wrong sign. In order to make the path-integral well-defined, they need to be analytically
continued. Therefore, we will regard the auxiliary field D as a real field and will replace
the scalar field σ by iσ, where the latter σ takes the real value8. In addition, F¯z¯ = (Fz)
∗.
To carry out the localization procedure, we will define the BRST transformation by
setting ǫ¯ to zero in the supersymmetric transformation (14) and by replacing the Grass-
8In the previous paper [6], after the analytic continuation, σ was regarded as taking pure imaginary
values.
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mann odd parameter ǫ by a Grassmann even one. It yields
δQvm = −iλ¯γmǫ, δQvz = 0, δQvz¯ = ψ¯zǫ, δQσ = λ¯ǫ,
δQλ = −1
2
[
1
2
vmnγ
mn + iγmDmσ +D
]
ǫ, δQλ¯ = 0,
δQψz = [ivmzγ
m +Dzσ] ǫ, δQψ¯z¯ = F¯z¯ ǫ
TC3, (16)
δQD =
[
− iDmλ¯γmǫ+ ig
[
σ, λ¯
]
ǫ− 1
2
λ¯ǫ
]
,
δQFz = ǫ
TC3
[
−iγmDmψz − 2Dzλ− ig [σ, ψz] + 1
2
ψz
]
, δQF¯z¯ = 0,
which is in fact nilpotent; δ2Q = 0. Using the BRST transformation (16), we will modify
the Lagrangian LV into LV − tLV Q with a parameter t, where
LV Q = δQtr
[
(δQλ)
† λ+
1
2
gz¯z (δQψz)
† ψz +
1
2
gz¯zψ¯z¯
(
δQψ¯z¯
)†]
. (17)
The bosonic part of the extra Lagrangian LV Q gives
L(B)V Q =
1
2
tr
[
1
4
vmnvmn + g
z¯zgmnvmz¯vnz +
1
2
DmσDmσ + g
z¯zDz¯σDzσ +
1
2
D2
+gz¯zF¯z¯Fz + ik
mgz¯z (vmzDz¯σ − vmz¯Dzσ) + ikmǫmnkgz¯zvnz¯vkz
]
where the Killing vector km was defined by
km = ǫ¯γmǫ
with the normalization (ǫ¯ǫ) = 1. On the other hand, the fermionic part of LV Q gives
L(F )V Q = itr
[
− λ¯γmDmλ− i
2
λ¯λ+ gλ¯ [σ, λ] +
1
2
gz¯zψ¯z¯γ
mDmψz − i
4
gz¯zψ¯z¯ψz
+
1
2
gz¯z
(
gψ¯z¯ [σ, ψz ]− ikmψ¯z¯γmψz + 2iλ¯Dz¯ψz − iψ¯z¯Dzλ+ ikmψ¯z¯γmDzλ
) ]
.
In the large t limit, t→∞, the fixed point, which is a solution to[
1
2
vmnγ
mn + iγmDmσ +D
]
ǫ = 0, [vmzγ
m − iDzσ] ǫ = 0, Fz = 0,
gives the dominant contribution to the partition function. In fact, the fixed point is given
[21] by
vm = 0, D = 0, F = 0, vz = vz(z, z¯), σ = σ(z, z¯), Dzσ = 0. (18)
Substituting the background (18) into the Lagrangian LV , one finds that the additional
Lagrangian L′V only contributes and yields
LYM = tr[−σσ + 2σ gz¯zvz¯z], (19)
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which would give the action of the two-dimensional Yang-Mills theory if one could in-
tegrate out the scalar field σ. However, in this case, the scalar field σ must obey the
condition Dzσ = 0, and it isn’t allowed to perform the Gaussian integration over the
whole functional space of the σ.
Around the fixed points, we will perform the path integral over the quantum fluctu-
ations. Since the bosonic fields σ, vz, and vz¯ have a non-trivial background as the fixed
point, we will expand the fields as
σ = σ(z, z¯) +
1√
t
σ˜(xm, z, z¯), vz = vz(z, z¯) +
1√
t
v˜z(x
m, z, z¯),
while the other fields are rescaled as Φ→ (1/√t)Φ˜.
One also needs the gauge-fixing procedure for the computation of the path integral.
We will follow [21] and add to LV Q the gauge-fixing term and the ghost term
tr
[
C¯∇mDmC +B∇mvm
]
. (20)
There remains the residual gauge symmetry, under which
σ → σ + ig [ω(z, z¯), σ] , vz → vz −Dzω(z, z¯), (21)
where the gauge transformation parameter ω is constant along the S3. The symmetry is
the redundancy of the backgrounds σ and vz, but not of the fluctuations, and the gauge
fixing procedure can be carried out in a similar way to the two-dimensional Yang-Mills
theory, as explained in [19, 20]. Following [19, 20], one can make use of the residual
symmetry (21) to put the background σ(z, z¯) in the Cartan subalgebra of the Lie algebra
of G such that
σ(z, z¯) =
r∑
i=1
σiHi. (22)
Recall that Hi (i = 1, · · · , r) are the generators of the Cartan subalgebra of G of rank
r, and the localization condition Dzσ = 0 in (18) implies that the background vz(z, z¯)
should also be in the Cartan subalgebra as
vz(z, z¯) =
r∑
i=1
viz(z, z¯)Hi, (23)
and furthermore that σi (i = 1, · · · , r) are constant with respect to the local coordinates
z, z¯ of the Σ.
Therefore, to impose the gauge-fixing condition (22), we will follow the same BRST
quantization procedure as for the two-dimensional Yang-Mills theory in [19, 20]. Intro-
ducing another auxiliary field
b(z, z¯) =
∑
α∈Λ
bα(z, z¯)Eα,
and another pair of ghost fields
c(z, z¯) =
∑
α∈Λ
cα(z, z¯)Eα, c¯(z, z¯) =
∑
α∈Λ
c¯α(z, z¯)Eα,
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where Λ is the set of all the root9 of the Lie algebra of G, and the root generators Eα
satisfy the algebra
[Hi, Eα] = αiEα, [Eα, E−α] =
r∑
i=1
αiHi ≡ α ·H,
we will add another gauge-fixing term and the ghost term∑
α∈Λ
[
ib−ασα − ig(α · σ)c¯−αcα] ,
where (α · σ) =∑ri=1 αiσi. After the integration over the root part σα, the auxiliary field
bα and the ghosts c¯α, cα, the path-integral measure of the scalar field σ(z, z¯) results in the
finite-dimensional integral over σi (i = 1, · · · , r), the ghosts give the one-loop determinant∏
α∈Λ
Det(0,0) [ig(α · σ)] , (24)
which is the same contribution as the ghosts do in the two-dimensional Yang-Mills theory.
Now, let us proceed to the calculations of the one-loop determinants of the vector
multiplet. To this end, we will follow the same procedure as in [21, 22], - expanding
all the fields in terms of the spherical harmonics on S3 and performing the Gaussian
integration over them.
On the unit round S3, we will use the vielbein ea = eamdx
m obeying dea = ǫabceb ∧ ec
and the spin connection ωab = ǫabcec. We define the three-dimensional Hodge duality as
∗ea = 1
2
ǫabceb ∧ ec, ∗ (ea ∧ eb) = ǫabcec,
with ∗1 the volume form, and two operators ık and Sa acting on the vielbein by
ıke
a = eamk
m = ka, Saeb = iǫabcec,
where km = ǫ¯γmǫ is the Killing vector field.
Expanding the Lagrangian LV Q in terms of the fluctuations up to quadratic order,
one finds that the bosonic part L(B)V Q in a differential form notation gives
1
2
tr
[
1
2
dv˜ ∧ ∗dv˜ + 1
2
Dσ˜ ∧ ∗Dσ˜ + gz¯z (dv˜z¯ −Dz¯ v˜) ∧ ∗ (dv˜z −Dz v˜) (25)
+gz¯z (Dz¯σ˜ − ig [σ, v˜z¯]) (Dzσ˜ − ig [σ, v˜z]) ∗ 1 + igz¯z (Dz¯σ˜ − ig [σ, v˜z¯]) ık (dv˜z −Dzv˜) ∗ 1
−igz¯z (Dzσ˜ − ig [σ, v˜z]) ık (dv˜z¯ −Dz¯ v˜) ∗ 1− gz¯z (dv˜z¯ −Dz¯v˜) ∧ ∗ [(k · S) (dv˜z −Dz v˜)]
]
,
with (k · S) = kaSa, where the form notation denotes
v˜ = v˜mdx
m, Dσ˜ = dσ˜ − ig [σ, v˜] = (∂mσ˜ − ig [σ, v˜m]) dxm.
Note that the gauge fields in the covariant derivatives Dz and Dz¯ here are the background
vz and vz¯, respectively.
9Here, α denotes a root of the Lie algebra of G, but not the index of the SU(2) symmetry. We hope
which one we mean will be clear from the context.
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For brevity, we will omit the tilde ˜ for the fermionic fluctuations, and then the
fermionic part L(F )V Q gives
tr
[
− iλ¯γm∇mλ+ 1
2
λ¯λ+ igλ¯ [σ, λ] +
i
2
gz¯zψ¯z¯γ
m∇mψz + 1
4
gz¯zψ¯z¯ψz (26)
+
i
2
ggz¯zψ¯z¯ [σ, ψz] +
1
2
gz¯zkmψ¯z¯γ
mψz + g
z¯zDz¯λ¯ · ψz + 1
2
gz¯zψ¯z¯ (1− kmγm)Dzλ
]
,
with the covariant derivatives Dz and Dz¯ including only the background gauge fields vz
and vz¯, respectively.
In terms of the scalar spherical harmonics ϕl,m,m˜ (l = 0, 1/2, 1, 3/2, · · · ; −l ≤ m ≤ l;
−l ≤ m˜ ≤ l), with the properties
d†dϕl,m,m˜ = − ∗ d ∗ dϕl,m,m˜ = 4l(l + 1)ϕl,m,m˜,
(ϕl,m,m˜)
∗ = (−)m+m˜ϕl,−m,−m˜,∫
S3
(ϕl′,m′,m˜′)
∗ ϕl,m,m˜ ∗ 1 = δl′lδm,m′δm˜,m˜′ ,
on the S3, the fields σ˜, v˜z are expanded as
σ˜ =
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
σ˜l,m,m˜(z, z¯)ϕl,m,m˜(x), v˜z =
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
v˜z,l,m,m˜(z, z¯)ϕl,m,m˜(x).
The vector spherical harmonics on the S3 are combined by the scalar spherical harmonics
ϕl,m,m˜ and the vielbein e
a. In particular, we will take the vielbein as the eigenstate of the
operators SaSa and S3 as
e±1 = ∓ 1√
2
(
e1 ± ie2) , e0 = e3,
and form the vector spherical harmonics on the S3,
EJ,M ;l,m˜ =
l∑
m=−l
+1∑
s=−1
〈l, m; 1, s|J,M〉〉ϕl,m,m˜ es,
where 〈l, m; 1, s|J,M〉〉 are the Clebsch-Gordan coefficients of the spin l representation
and the spin 1 representation of the SU(2) group into the spin J representation, with
J = (l − 1), l, (l + 1). The Clebsch-Gordan coefficients are listed in appendix B. They
have the properties
∗dEl+1,M ;l,m˜ = 2(l + 1)El+1,M ;l,m˜, d ∗ El+1,M ;l,m˜ = 0, (l = 0, 1
2
, 1, · · · )
∗dEl−1,M ;l,m˜ = −2l El−1,M ;l,m˜, d ∗ El−1,M ;l,m˜ = 0, (l = 1, 3
2
, 2, · · · )
∗dEl,M ;l,m˜ = 0, El,M ;l,m˜ = − i
2
√
1
l(l + 1)
dϕl,m,m˜, (l =
1
2
, 1,
3
2
, · · · )
and form the orthonormal basis∫
S3
(EJ ′,M ′;l′,m˜′)
∗ ∧ ∗EJ,M ;l,m˜ = δJ,J ′δM,M ′δl,l′δm,m′ .
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In terms of them, the gauge field v˜m is expanded as v˜ = v˜+ + v˜− + v˜L, where
v˜+ =
∞∑
l=0
l+1∑
M=−l−1
l∑
m˜=−l
v˜l+1,M ;l,m˜(z, z¯)El+1,M ;lm˜(x),
v˜− =
∞∑
l=1
l−1∑
M=−(l−1)
l∑
m˜=−l
v˜l−1,M ;l,m˜(z, z¯)El−1,M ;lm˜(x),
v˜L =
∞∑
l=1/2
l∑
M=−l
l∑
m˜=−l
v˜l,M ;l,m˜(z, z¯)El,M ;lm˜(x)
= − i
2
d
∞∑
l=1/2
l∑
M=−l
l∑
m˜=−l
√
1
l(l + 1)
v˜l,M ;l,m˜(z, z¯)El,M ;lm˜(x) = du˜L,
with v˜± the transverse modes and v˜L the longitudinal mode.
Substituting these expansions into the bosonic part (25), one sees that the longitudinal
mode v˜L can be eliminated in L(B)V Q by shifting the fields v˜z and σ˜ as
v˜z → v˜z +Dzu˜L, σ˜ → σ˜ + ig [σ, u˜L] .
Therefore, the longitudinal mode v˜L appears only in the gauge fixing term (20), which up
to quadratic order yields
C¯d ∗ dC +Bd ∗ v˜ = C¯d ∗ dC +Bd ∗ du˜L.
It is obvious that the one-loop determinant from B and u˜L exactly cancels the one-loop
determinant from the ghosts C¯ and C.
As for the operators ık and (k · S) with the Killing vector ka appearing in (25), one
will take the Killing spinor ǫ as constant, and then the Killing vector ka = ǫ¯γaǫ is also
constant. Since kaka = 1 with the normalization ǫ¯ǫ = 1, we will choose it as k
a = δa3, as
in [21]. Therefore, one obtains the formulas∫
S3
(ϕl′,m′,m˜′)
∗ ıkEJ,M ;l,m˜ ∗ 1 =
∫
S3
(ϕl′,m′,m˜′)
∗ e3 ∧ ∗EJ,M ;l,m˜ = δl,l′δm˜,m˜′〈l, m′; 1, s = 0|J,M〉〉,∫
S3
(EJ ′,M ′;l′,m˜′) ∧ ∗ [(k · S)EJ,M ;l,m˜] = δl,l′δm˜,m˜′ 〈〈J ′,M ′|S3|J,M〉〉.
For the coefficients 〈l, m′; 1, s = 0|J,M〉〉, 〈〈J ′,M ′|S3|J,M〉〉, see the list in appendix B.
We are not interested in the overall constant of the partition function, but in its
dependence on the background σi and viz. The Cartan part Φ˜
i of the fluctuations and
the root part Φ˜α of them are completely decoupled from each other, and the Cartan part
doesn’t yield the contributions which has the dependence of the background. We will
thus focus on the contributions from the root part of the fluctuations, but one can easily
see that the contributions from the Cartan part of the fluctuations can be obtained by
setting (α · σ) to zero and by replacing α ∈ Λ by i running from 1 to r in the results of
the contributions from the root part.
In the action S
(B)
V Q =
∫
S3
L(B)V Q given in terms of the modes of the fluctuations, after
completing the square by shifting the variables, one finds that
S
(B)
V Q =
∑
α∈Λ+
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
S
(B)
V Q;α,l,m,m˜ + S
(B)
V Q;H,
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with Λ+ the set of the positive roots, where S
(B)
V Q;H consists of the modes in the Cartan
subalgebra of G. The modes in each S
(B)
V Q;α,l,m,m˜ decouple from the modes in the rest of
S
(B)
V Q . The action S
(B)
V Q;α,l,m,m˜ of the modes for l ≥ 1, −(l − 1) ≤ m ≤ l − 1, −l ≤ m˜ ≤ l,
is given by
S
(B)
V Q;α,l,m,m˜ =
1
2
[
Kαl,mg
z¯z
∣∣v˜αz,l,m,m˜∣∣2 +Kαl,−mgz¯z ∣∣v˜αz¯,l,m,m˜∣∣2 + (σ˜αl,m,m˜)∗∆αl,mσ˜αl,m,m˜
+
( (
v˜αl+1,m;l,m˜
)∗
,
(
v˜αl−1,m;l,m˜
)∗ ) (
Aαl,m B
α
l,m
Cαl,m D
α
l,m
)(
v˜αl+1,m;l,m˜
v˜αl−1,m;l,m˜
)]
,
where the above operators are defined by
Kαl,m =
[
4l(l + 1)− 4m+ g2(α · σ)2] ,
∆αl,m = −
4(l −m)(l +m+ 1)
Kαl,m
gz¯zDz¯Dz − 4(l +m)(l −m+ 1)
Kαl,−m
gz¯zDzDz¯ + 4l(l + 1),
Aαl,m = U
α
l,m
1
∆αl,m
V αl,m + ul,mvl,m, B
α
l,m = U
α
l,m
1
∆αl,m
V˜ αl,m + ul,mv˜l,m,
Cαl,m = U˜
α
l,m
1
∆αl,m
V αl,m + u˜l,mvl,m, D
α
l,m = U˜
α
l,m
1
∆αl,m
V˜ αl,m + u˜l,mv˜l,m,
with
Uαl,m = 2(l +m) [2(l + 1) + ig(α · σ)]
√
(l + 1)(l +m+ 1)
(2l + 1)(l −m+ 1)
[
2
Kαl,−m
gz¯zDzDz¯ − l
l +m
]
,
U˜αl,m = 2(l +m+ 1) [2l − ig(α · σ)]
√
l(l +m)
(2l + 1)(l −m)
[
2
Kαl,−m
gz¯zDzDz¯ − l + 1
l −m+ 1
]
,
V αl,m = 2(l −m) [2 (l + 1)− ig(α · σ)]
√
(l + 1)(l −m+ 1)
(2l + 1)(l +m+ 1)
[
2
Kαl,m
gz¯zDz¯Dz − l
l −m
]
,
V˜ αl,m = 2(l −m+ 1) [2l + ig(α · σ)]
√
l(l −m)
(2l + 1)(l +m)
[
2
Kαl,m
gz¯zDz¯Dz − l + 1
l +m+ 1
]
,
ul,m =
√
(l + 1)(l −m+ 1)
(2l + 1)(l +m+ 1)
[2(l + 1) + ig(α · σ)] ,
vl,m =
√
(l + 1)(l +m+ 1)
(2l + 1)(l −m+ 1) [2(l + 1)− ig(α · σ)] ,
u˜l,m = −
√
l(l +m)
(2l + 1)(l −m) [2l − ig(α · σ)] , v˜l,m = −
√
l(l −m)
(2l + 1)(l +m)
[2l + ig(α · σ)] .
Note here that the covariant derivatives Dz¯, Dz acting on the root part of a field, Φ
α gives
Dz¯Φ
α = ∂z¯Φ
α + ig
r∑
i=1
αiv
i
z¯Φ
α, DzΦ
α = ∂zΦ
α + ig
r∑
i=1
αiv
i
zΦ
α.
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One can now see that the one-loop determinant from these modes yields
∏
α∈Λ+
∞∏
l=1
l−1∏
m=−(l−1)
l∏
m˜=−l
[
1
Det(1,0)
[
Kαl,m
]
Det(0,1)
[
Kαl,−m
]
Det(0,0)
[
∆αl,m
]
× Det(0,0)
[
∆αl,m
]
Det(0,0)
[
u˜l,mUαl,m − ul,mU˜αl,m
]
Det(0,0)
[
v˜l,mV αl,m − vl,mV˜ αl,m
]]
=
∏
α∈Λ+
∞∏
l=1
l−1∏
m=−(l−1)
l∏
m˜=−l
[
1
Det(0,0) [4l(l + 1)]
Det(0,0)
[
Kαl,m
]
Det(0,0)
[
Kαl,−m
]
Det(1,0)
[
Kαl,m
]
Det(0,1)
[
Kαl,−m
]
×Det(0,0)
[
4l2 + g2(α · σ)2]Det(0,0) [4(l + 1)2 + g2(α · σ)2]
Det(0,0)
[
2gz¯zDz¯Dz −Kαl,m
]
Det(0,0)
[
2gz¯zDzDz¯ −Kαl,−m
] ]
=
∏
α∈Λ
∞∏
l=1
l−1∏
m=−(l−1)
l∏
m˜=−l
[
Det(0,0)
[
Kαl,m
]
Det(1,0)
[
Kαl,m
] 1
Det(0,0)
[
2gz¯zDz¯Dz −Kαl,m
]
×Det(0,0) [2(l + 1) + ig(α · σ)] Det(0,0) [−2l + ig(α · σ)]√
Det(0,0) [4l(l + 1)]
]
.
Further, after some similar algebra, the action S
(B)
V Q;α,l,m,m˜ of the modes for l ≥ 1/2,
m = −l, −l ≤ m˜ ≤ l can be read as
1
2
[
Kαl,−lg
z¯z
∣∣v˜αz,l,−l,m˜∣∣2 +Kαl,lgz¯z ∣∣v˜αz¯,l,−l,m˜∣∣2 + 4lKαl,−l
(
σ˜αl,−l,m˜
)∗ [−2gz¯zDz¯Dz + (l + 1)Kαl,−l] σ˜αl,−l,m˜
+(l + 1)
(
v˜αl+1,−l;l,m˜
)∗ Kαl,−l−1
−2gz¯zDz¯Dz + (l + 1)Kαl,−l
[−2gz¯zDz¯Dz +Kαl,−l] v˜αl+1,−l;l,m˜
]
,
and the one for l ≥ 1/2, m = +l, −l ≤ m˜ ≤ l as
1
2
[
Kαl,lg
z¯z
∣∣v˜αz,l,l,m˜∣∣2 +Kαl,−lgz¯z ∣∣v˜αz¯,l,l,m˜∣∣2 + 4lKαl,−l
(
σ˜αl,l,m˜
)∗ [−2gz¯zDzDz¯ + (l + 1)Kαl,−l] σ˜αl,l,m˜
+(l + 1)
(
v˜αl+1,l;l,m˜
)∗ Kαl,−l−1
−2gz¯zDzDz¯ + (l + 1)Kαl,−l
[−2gz¯zDzDz¯ +Kαl,−l] v˜αl+1,l;l,m˜
]
.
These sectors with l ≥ 1/2, m = ±l, −l ≤ m˜ ≤ l gives the one-loop determinant
∏
α∈Λ+
∞∏
l=1/2
l∏
m˜=−l
1
Det(0,0) [l2(l + 1)2]
(
Det(0,0)
[
Kαl,−l
]
Det(1,0)
[
Kαl,l
]
Det(0,1)
[
Kαl,−l
]
Det(0,0)
[
Kαl,−l−1
]
)2
× 1
Det(0,0)
[−2gz¯zDzDz¯ +Kαl,−l]Det(0,0) [−2gz¯zDz¯Dz +Kαl,−l]
=
∏
α∈Λ
∞∏
l=1/2
l∏
m˜=−l
1
Det(0,0) [l(l + 1)]
Det(0,0)
[
Kαl,−l
]
Det(1,0)
[
Kαl,l
]
Det(0,1)
[
Kαl,−l
]
Det(0,0)
[
Kαl,−l−1
]
× 1
Det(0,0)
[−2gz¯zDz¯Dz +Kαl,−l] .
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Since the actions S
(B)
V Q;α,l,±(l+1),m˜ of the modes with l ≥ 0 take simple forms, we will
give the sum
S
(B)
V Q;α,l,l+1,m˜ + S
(B)
V Q;α,l,−(l+1),m˜
=
1
2
(
v˜αl+1,l+1;l,m˜
)∗ [−2gz¯zDzDz¯ +Kαl,−l−1] v˜αl+1,l+1;l,m˜
+
1
2
(
v˜αl+1,−(l+1);l,m˜
)∗ [−2gz¯zDz¯Dz +Kαl,−l−1] v˜αl+1,−(l+1);l,m˜,
to yield the one-loop determinant
∏
α∈Λ+
∞∏
l=0
l∏
m˜=−l
1
Det(0,0)
[−2gz¯zDzDz¯ +Kαl,−l−1]Det(0,0) [−2gz¯zDz¯Dz +Kαl,−l−1] .
Finally, one can find the action S
(B)
V Q;α,0,0,0
1
2
[
Kα0,−1
∣∣v˜α1,0;0,0∣∣2 + gz¯z ∣∣Dz v˜α1,0;0,0 + g(α · σ)v˜αz,0,0,0∣∣2 + gz¯z ∣∣Dz¯ v˜α1,0;0,0 − g(α · σ)v˜αz¯,0,0,0∣∣2
]
,
of the modes with l = 0, and it gives the one-loop determinant
∏
α∈Λ+
1
Det(0,0)
[
Kα0,−1
]
Det(1,0) [g(α · σ)] Det(0,1) [g(α · σ)]
.
Let us turn to the one-loop determinant from the fermionic fluctuations. To this
end, we will identify the spin operator Sa (a = 1, 2, 3) with the gamma matrix (1/2)γa
(a = 1, 2, 3), respectively, and one can easily verify that they obeys the SU(2) algebra[Sa,Sb] = iǫabcSc.
One can easily see that the left-invariant vector fields La = −(i/2)eam∇m (a = 1, 2, 3)
also satisfy the SU(2) algebra
[La, Lb] = iǫabcLc.
Therefore, on the spinors λ˜, ψ˜, one finds that
γm∇mλ˜ = γa
(
2iLa +
1
4
(ωa)
bc γbc
)
λ˜ = 2i
[
(La + Sa)2 − LaLa
]
λ˜,
γm∇mψ˜ = γa
(
2iLa +
1
4
(ωa)
bc γbc
)
ψ˜ = 2i
[
(La + Sa)2 − LaLa
]
ψ˜.
In order to obtain the spherical harmonics expansion of the spinors λ˜, ψ˜, it is useful
to introduce the eigenspinors ηJ,M ;l,m˜ of the operator γ
m∇m by
ηJ,M ;l,m˜ =
l∑
m=−l
∑
s=±(1/2)
〈l, m; 1
2
, s|J,M〉〉ϕl,m,m˜ζ ′s,
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with 〈l, m; 1
2
, s|J,M〉〉 the Clebsch-Gordan coefficients of the spin l representation and the
spin 1/2 representation into the spin J = l ± 1/2 representation, where the spinors ζ ′±
satisfy that S3ζ ′± = ±(1/2)ζ ′±.
They have their eigenvalues
γm∇m ηl+ 1
2
,m+ 1
2
;l,m˜ = i(2l +
3
2
) ηl+ 1
2
,m+ 1
2
;l,m˜,
γm∇m ηl− 1
2
,m+ 1
2
;l,m˜ = −i(2l +
1
2
) ηl− 1
2
,m+ 1
2
;l,m˜,
and form the orthonormalized basis∫
S3
(ηJ ′,M ′;l′,m˜′)
† ηJ,M ;l,m˜ ∗ 1 = δJ,J ′δM,M ′δl,l′δm,m′ .
Substituting the spherical harmonics expansion of the spinors λ˜, ψ˜,
λ =
∑
l=0
l∑
m=−l−1
l∑
m˜=−l
λl+ 1
2
,m+ 1
2
;l,m˜ηl+ 1
2
,m+ 1
2
;l,m˜ +
∑
l=1/2
l−1∑
m=−l
l∑
m˜=−l
λl− 1
2
,m+ 1
2
;l,m˜ηl− 1
2
,m+ 1
2
;l,m˜,
ψ =
∑
l=0
l∑
m=−l−1
l∑
m˜=−l
ψl+ 1
2
,m+ 1
2
;l,m˜ηl+ 1
2
,m+ 1
2
;l,m˜ +
∑
l=1/2
l−1∑
m=−l
l∑
m˜=−l
ψl− 1
2
,m+ 1
2
;l,m˜ηl− 1
2
,m+ 1
2
;l,m˜,
into the Lagrangian L(F )V Q, one obtains the action S(F )V Q =
∫
S3
L(F )V Q ∗ 1. There one finds the
terms including∫
S3
(ηJ ′,M ′;l′,m˜′)
† (1− kmγm) ηJ,M ;l,m˜ ∗ 1 = 〈〈J ′,M ′|1− 2S3|J,M〉〉 δl,l′δm,m′ ,
with our choice ka = δa3 . For the coefficients 〈〈J ′,M ′|1− 2S3|J,M〉〉, see appendix B.
Similarly to the bosonic part, the modes λl± 1
2
,m+ 1
2
;l,m˜, ψl± 1
2
,m+ 1
2
;l,m˜ in each sector
(α, l,m, m˜) decouple from the modes in the other sectors, and therefore the action S
(F )
V Q
can be divided into the actions S
(F )
V Q;α,l,mm˜ of each sector (l, m, m˜) as
S
(F )
V Q =
∑
α∈Λ
∞∑
l=0
l∑
m=−(l+1)
l∑
m˜=−l
S
(F )
V Q;α,l,m,m˜ + S
(F )
V Q;H ,
where S
(F )
V Q;H consists of the modes in the Cartan subalgebra of G.
After completing the square and shifting the fields properly, the action S
(F )
V Q;α,l,m,m˜ of
the modes for l ≥ 1/2, −l ≤ m ≤ (l − 1), −l ≤ m˜ ≤ l, is given by
(
(
ψα
z;l+ 1
2
,m+ 1
2
;l,m˜
)†
,
(
ψα
z;l− 1
2
,m+ 1
2
;l,m˜
)†
)
gz¯zKαl,m
(
ψα
z;l+ 1
2
,m+ 1
2
;l,m˜
ψα
z;l− 1
2
,m+ 1
2
;l,m˜
)
+
(
(
λα
l+ 1
2
,m+ 1
2
;l,m˜
)†
,
(
λα
l− 1
2
,m+ 1
2
;l,m˜
)†
) Mαl,m
(
λα
l+ 1
2
,m+ 1
2
;l,m˜
λα
l− 1
2
,m+ 1
2
;l,m˜
)
,
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where
Kαl,m =
(
−2l(l+1)−m
2l+1
+ i
2
g(α · σ) − 1
2l+1
√
(l +m+ 1)(l −m)
− 1
2l+1
√
(l +m+ 1)(l −m) 2l(l+1)−m
2l+1
+ i
2
g(α · σ)
)
,
Mαl,m =
(
(2(l + 1) + ig(α · σ))
(−2l + ig(α · σ))
)
×

 − l−m2l+1 2Kαl,mgz¯zDz¯Dz + 1 −
√
(l+m+1)(l−m)
2l+1
2
Kα
l,m
gz¯zDz¯Dz
−
√
(l+m+1)(l−m)
2l+1
2
Kα
l,m
gz¯zDz¯Dz − l+m+12l+1 2Kα
l,m
gz¯zDz¯Dz + 1

 ,
and one can see that to the one-loop determinant, they yield the contributions
∏
α∈Λ
∞∏
l=1/2
l−1∏
m=−l
l∏
m˜=−l
Det(1,0)
[
Kαl,m
]
Det(0,0)
[
Kαl,m
]Det(0,0) [2gz¯zDz¯Dz −Kαl,m]
×Det(0,0) [(2(l + 1) + ig(α · σ)) (−2l + ig(α · σ))] ,
up to an overall normalization constant.
For the remaining fermionic modes with l ≥ 0, m = −(l + 1), l; −l ≤ m˜ ≤ l, after
some similar algebra, one obtains(
λα
l+ 1
2
,l+ 1
2
;l,m˜
)†
[2(l + 1) + ig(α · σ)]λα
l+ 1
2
,l+ 1
2
;l,m˜
+
(
λα
l+ 1
2
,−l− 1
2
;l,m˜
)† 1
−2(l + 1) + ig(α · σ)
[
2gz¯zDz¯Dz −Kαl,−l−1
]
λα
l+ 1
2
,−l− 1
2
;l,m˜
+
1
2
gz¯z
(
ψα
z;l+ 1
2
,l+ 1
2
;l,m˜
)†
[−2l + ig(α · σ)]ψα
z;l+ 1
2
,l+ 1
2
;l,m˜
+
1
2
gz¯z
(
ψα
z;l+ 1
2
,−l− 1
2
;l,m˜
)†
[−2(l + 1) + ig(α · σ)]ψα
z;l+ 1
2
,−l− 1
2
;l,m˜
,
and finds the one-loop determinant
∏
α∈Λ
∞∏
l=0
l∏
m˜=−l
Det(1,0) [2(l + 1) + ig(α · σ)] Det(1,0) [−2l + ig(α · σ)]
×Det(0,0)
[−2gz¯zDz¯Dz +Kαl,−l−1] ,
up to an overall constant.
Wrapping up the contributions from the bosonic fluctuations and the fermionic fluc-
tuations to the one-loop determinant, one obtains
∏
α∈Λ+
1
Det(1,0)
[
Kα0,0
] ∞∏
l= 1
2
(
Det(0,0)
[
Kαl,l
]
Det(1,0)
[
Kαl,l
]
)2
,
up to an overall normalization constant. Taking account of this result and the one-loop
determinant (24) from the ghost, and using the same reason of the Hodge decomposition
as in [19], one finds that the total one-loop determinant is given by
∏
α∈Λ+
sin (iπg(α · σ))


χ(Σ)
. (27)
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This is one of the main results in this paper.
There are two subtle points related to the zero modes in the Cartan subalgebra, on
which so far we have not discussed in detail. In the Cartan part, there is the fermion zero
modes (ψi
z; 1
2
, 1
2
,0,0
)†, ψi
z; 1
2
, 1
2
,0,0
, but the term gz¯zψ¯z¯ψz in the Lagrangian L′V absorbs them.
Therefore, they cause no problems.
We are left to perform the path integral over the background gauge fields viz(z, z¯)
(i = 1, · · · , r), along with the finite-dimensional integral over the background σi (i =
1, · · · , r). While the background of the gauge fields viz(z, z¯) obeying
∫
Σ
viz¯zdz¯ ∧ dz 6= 0
in the classical action Lcl can contribute to the path integral, Upon the integration over
the gauge fields viz(z, z¯), the fluctuations of the gauge fields around the background don’t
appear in the rest of the path integral. One therefore needs to divide the integration over
the fluctuations, along with the other possible constant factors.
6.2 The Contribution from the Hypermultiplet
Let us proceed to the hypermultiplet. Along with the BRST transformation (16) of the
vector multiplet, the hypermultiplet transform under the BRST transformation as
δQH˜ = 0, δQH = 0,
δQ
(
H˜
)∗
= −i (χ˜)† ǫ, δQ (H)∗ = −i (χ)† ǫ,
δQχ˜ =
[
DmH˜γ
m − g
[
σ, H˜
]
+ iH˜
]
ǫ, δQ (χ˜)
† = ǫTC3 [2iDzH + (FH2)
∗] ,
δQχ = [DmHγ
m − g [σ, H ] + iH ] ǫ, δQ (χ)† = −ǫTC3
[
2iDzH˜ + FH1
]
,
δQFH1 = 0, δQ (FH2)
∗ = 0, (28)
δQ (FH1)
∗ = i
[
−DmχTC3γm − 2i (Dzχ˜)† − i
2
χTC3
+g
[
σ, χT
]
C3 − 2ig
[
H˜∗, ψ†
]
− 2i [H, λT ]C3
]
ǫ,
δQFH2 = iǫ
TC3
[
γmDmχ˜− 2iC−13 (Dzχ)∗ −
i
2
χ˜
+g [σ, χ˜]− 2ig
[
H˜, λ
]
− 2iC−13 [H∗, ψ∗]
]
.
Note that the analytic continuation for the scalar field σ has already been done here.
In order to carry out the localization procedure, we will add the Lagrangian
LHQ = δQ
[
(δQχ˜)
† χ˜ + (χ˜)†
(
δQ (χ˜)
†
)†
+ (δQχ)
† χ + (χ)†
(
δQ (χ)
†
)†]
, (29)
to the Lagrangian LV Q in (17). The total Lagrangian L will thus be shifted as L →
L− t (LV Q + LHQ).
A fixed point is given by a solution to δQχ = 0, δQχ˜ = 0 meaning that
DmH˜ γ
m + iH˜ − g
[
σ, H˜
]
= 0, DmH γ
m + iH − g [σ, H ] = 0,
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and to δQχ˜
† = 0, δQχ˜
† = 0. Since the solution to the former equations is given by
H˜ = 0, H = 0, substituting it into the latter equations, one obtains the solution FH1 = 0,
FH2 = 0. One thus finds no non-trivial backgrounds.
Then, up to quadratic order of the fluctuations, the bosonic part L(B)HQ of the La-
grangian LHQ is given by
tr
[(
DmH˜
)†
DmH˜ + (DmH)
†DmH
+
(
H˜ + ig
[
σ, H˜
])† (
H˜ + ig
[
σ, H˜
])
+ (H + ig [σ, H ])† (H + ig [σ, H ])
+
(
FH1 + 2iDzH˜
)† (
FH1 + 2iDzH˜
)
+
(
FH2 − 2i
(
DzH˜
)∗)† (
FH2 − 2i
(
DzH˜
)∗)]
,
where σ is the fixed point (22), and the fermionic part L(F )HQ by
tr
[
χ˜† knγ
n
(
iγmDmχ˜+
1
2
χ˜− ig [σ, χ˜]
)
+ χ† knγ
n
(
iγmDmχ+
1
2
χ− ig [σ, χ]
)]
.
We will carry out similar calculations to what we have done for the vector multiplet
by substituting the spherical harmonic expansions of the fluctuations
H˜ =
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
H˜l,m,m˜ ϕl,m,m˜, H =
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
Hl,m,m˜ ϕl,m,m˜,
χ˜ =
∞∑
l=0
l∑
m=−l−1
l∑
m˜=−l
χ˜l+ 1
2
,m+ 1
2
;l,m˜ ηl+ 1
2
,m+ 1
2
;l,m˜ +
∞∑
l=1/2
l−1∑
m=−l
l∑
m˜=−l
χ˜l− 1
2
,m+ 1
2
;l,m˜ ηl− 1
2
,m+ 1
2
;l,m˜,
χ =
∞∑
l=0
l∑
m=−l−1
l∑
m˜=−l
χl+ 1
2
,m+ 1
2
;l,m˜ ηl+ 1
2
,m+ 1
2
;l,m˜ +
∞∑
l=1/2
l−1∑
m=−l
l∑
m˜=−l
χl− 1
2
,m+ 1
2
;l,m˜ ηl− 1
2
,m+ 1
2
;l,m˜,
into LHQ. Recalling that knγn = 2S3 and using the Clebsch-Gordan coefficients in ap-
pendix B, one obtains the root part of L(B)HQ
∑
α∈Λ
∞∑
l=0
l∑
m=−l
l∑
m˜=−l
[
4l(l + 1) + 1 + g2(α · σ)2] (∣∣∣H˜αl,m,m˜∣∣∣2 + ∣∣Hαl,m,m˜∣∣2
)
, (30)
and the root part of L(F )HQ is given by the sum of
∑
α∈Λ
{ ∞∑
l=0
l∑
m˜=−l
[
− χ˜†
l+ 1
2
,l+ 1
2
;l,m˜
[(2l + 1) + ig(α · σ)] χ˜l+ 1
2
,l+ 1
2
;l,m˜
+χ˜†
l+ 1
2
,−l− 1
2
;l,m˜
[(2l + 1) + ig(α · σ)] χ˜l+ 1
2
,−l− 1
2
;l,m˜
]
(31)
−
∞∑
l=1/2
l−1∑
m=−l
l∑
m˜=−l
[ (
χ˜†
l+ 1
2
,m+ 1
2
;l,m˜
, χ˜†
l− 1
2
,m+ 1
2
;l,m˜
) ( Aαl,m Bαl,m
Cαl,m Dαl,m
)(
χ˜l+ 1
2
,m+ 1
2
;l,m˜
χ˜l− 1
2
,m+ 1
2
;l,m˜
)]}
,
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and the same terms with χ˜’s replaced by χ’s, where
Aαl,m =
2m+ 1
2l + 1
((2l + 1) + ig(α · σ)) ,
Bαl,m = −2
√
(l +m+ 1)(l −m)
2l + 1
((2l + 1) + ig(α · σ)) ,
Cαl,m = 2
√
(l +m+ 1)(l −m)
2l + 1
((2l + 1)− ig(α · σ)) ,
Dαl,m =
2m+ 1
2l + 1
((2l + 1)− ig(α · σ)) .
Note that the integration over the auxiliary fields FH1, FH2 has already been done, and
their contributions to the partition function is just an overall constant.
Although the Cartan part of LHQ can be easily obtained by setting α to zero and by
replacing the sum over the Λ by over i running from 1 to r, we aren’t interested in the
overall normalization constant of the partition function, to which the Cartan part can
only contribute. Therefore, we will focus on the root part, as for the vector multiplet.
From (30) and (31), one can easily see that the one-loop determinant from the bosonic
fluctuations yields
∏
α∈Λ+
∞∏
l=0
l∏
m=−l
l∏
m˜=−l
(
1
Det( 1
2
,0)
[
(2l + 1)2 + g2(α · σ)2]
)2
,
and the one from the fermionic fluctuations,
∏
α∈Λ+
∞∏
l=0
l∏
m=−l
l∏
m˜=−l
(
Det( 1
2
,0)
[
(2l + 1)2 + g2(α · σ)2])2 ,
up to an overall constant.
Wrapping up them, one finds that the hypermultiplet contributes just a constant to
the total partition function.
7 Discussions
From (27) and (19), the partition function of both of the N = 1 and N = 2 theories
reduce to the finite-dimensional integral
Z5DSYM = N5DSYM
∑
m
r∏
i=1
∫
dσi

 ∏
α∈Λ+
2 sin (iπg(α · σ))


χ(Σ)
exp
[∫
LYMd(vol)
]
, (32)
with m the first Chern number of the two-dimensional gauge field vz on Σ, where the
normalization constant N5DSYM may be different in the N = 2 theory from in the N = 1
theory.
Let us find the parameter q from (32), and furthermore, for the comparison10 with the
prediction from the conjecture [4, 5] for the six-dimensional N = (2, 0) theory, we will
replace the radius of the unit S3 by l. For brevity, we will take the SU(2) gauge group.
10We would like to thank Yuji Tachikawa for suggesting us to check the consistency of our results with
the conformal index in [1].
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Then, the result (27) 
 ∏
α∈Λ+
2 sin (iπg(α · σ))


χ(Σ)
reduces into [
2 sin
(
i
√
2πglσ
)]χ(Σ)
. (33)
From the Lagrangian (19)
LYM = 2π2l3tr
[
−
(σ
l
)2
+ 2
σ
l
gz¯zvz¯z
]
,
the classical action is given by∫
Σ
LYM d(vol) = −2π2l
∫
Σ
d(vol) (σ)2 − 4iπ2l2σ
∫
Σ
vz¯zdz¯ ∧ dz.
As explained in detail in [19], we need the summation over the first Chern numbers
of the two-dimensional gauge field vz, vz¯ on Σ. Here, let us explain the fact that the
normalization of the first Chern number is given by∫
Σ
vz¯zdz¯ ∧ dz =
√
2
g
2πm, (34)
with m ∈ ZZ. Let us recall that the Cartan subalgebra of the SU(2) gauge group is
generated by H = σ3/
√
2, with the normalization tr[HH] = 1. The Lie algebra of the
SU(2) gauge group in fact is generated by H and E±, which obey that
[H, E±] = ±
√
2E±, [E+, E−] =
√
2H,
in our convention. Therefore, a field ψ in the fundamental representation of the gauge
group can be decomposed into the eigenstates of H as
Hψ± = ± 1√
2
ψ±,
and the covariant derivative gives
Dψ+ = dψ+ +
i√
2
gvψ+.
Under a gauge transformation, the two-dimensional gauge field vz transforms in a differ-
ential form notation as
v → v −
√
2
g
dΩ,
and then the field ψ+ transforms as
ψ+ → eiΩψ+.
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For brevity, let us take Σ = S2 and consider two patches UN = {(θ, φ)|0 ≤ θ ≤ π/2}
and US = {(θ, φ)|π/2 ≤ θ ≤ π}, covering the S2 with the polar coordinates (θ, φ). On
UN ∩ US, suppose that the section ψN of ψ+ on UN is related to the section ψS on US as
ψS = e
iΩψN . Then, the requirement that ψS be single-valued is satisfied if
Ω = mφ, (m ∈ ZZ)
on the UN ∩ US. Then, the flux is determined as∫
Σ
dv =
∫
UN∩US
(vN − vS) =
∫
UN∩US
√
2
g
dΩ =
√
2
g
(2πm).
Substituting the gauge field configurations (34) into the partition function (32) and
summing up over the Chern number m, one can see that the dominant contribution from
the integration over σ is given by the points
σ =
g√
2
n
4π2l2
,
with n ∈ ZZ. Since the measure (33) at the dominant points of σ yields
(
2 sin
(
i
g2
4πl
n
))χ(Σ)
=
[
e−
g2
4pil
·n − e+ g
2
4pil
·n
]χ(Σ)
= [n]q ,
we obtain the parameter
q = exp(− g
2
2πl
). (35)
In the paper [1], the superconformal index in four-dimensional N = 2 gauge theories
was calculated on S3×S1. In the index, one can see that the parameter q is found in the
form
q∆ = e−βE,
where ∆ is the conformal weight of states over which the index have the summation,
and the energy E can be obtained through the state-operator mapping in conformal field
theories. The temperature β is the radius of S1, which we regard as the circle on which the
six-dimensional N = (2, 0) theory is placed to yield the five-dimensional N = 2 theory.
Following [4, 5], instanton solutions in the five-dimensional N = 2 theory correspond
to the Kaluza-Klein modes in the six-dimensional N = (2, 0) theory compactified on S1.
In a four-dimensional SU(2) gauge theory, the one-instanton solution gives the classical
action ∫
d4xF amnF
a
mn = 32π
2,
where m,n = 1, · · · , 4, with the normalization
F amn = ∂mA
a
n − ∂nAam + ǫabcAbmAcn.
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Therefore, for our convention, identifying
vam = −
1√
2g
Aam, (m = 1, · · · , 4)
we can see that
vamn = ∂mv
a
n − ∂nvam −
√
2gǫabcvbmv
c
n = −
1√
2g
F amn,
where m,n = 1, · · · , 4, and thus in the five-dimensional theory, one finds the classical
action ∫
d5X − 1
4
vaMNv
a
MN = −
4π2
g2
∫
dX5
for the instanton solution of unit instanton charge.
For the six-dimensional (2, 0) theory on S1 of radius R, the instanton solution of unit
instanton charge corresponds to the first KK modes, and so one obtains the relation
1
R
=
4π2
g2
.
One thus finds the temperature
β = 2πR =
g2
2π
. (36)
For a 4-dimensional massless scalar of conformal weight ∆ = 1, the conformal coupling
term of it with the scalar curvature in the Lagrangian gives it a mass
E = m =
1
l
,
on IR × S3, where the radius of the S3 is l. Therefore, the state-operator mapping in
conformal field theories suggests that
E =
∆
l
. (37)
Wrapping up (36) and (37) to obtain
e−βE = e−
g2
2pi
∆
l = e−
g2
2pil
∆,
the parameter q can now be read as
q = e−
g2
2pil ,
which is in perfect agreement with our result in the five-dimensional theory.
Thus, we have seen that the partition function of five-dimensional theory yields the
partition function of the two-dimensional q-deformed Yang-Mills theory, but not the or-
dinary Yang-Mills theory on a closed Riemann surface. It is consistent with the proposal
in [1].
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Furthermore, in order for the parameter q found in the result of the five-dimensional
theory to be identical to the q in the conformal index of [1], we must identify the five-
dimensional gauge coupling constant g as the temperature β or equivalently the radius
R of the S1 in the four-dimensional theory. However, the identification is also consistent
with the prediction of the conjecture [4, 5] that instanton solutions in the five-dimensional
N = 2 theory is identical to the Kaluza-Klein modes in the six-dimensional N = (2, 0)
theory.
Since the hypermultiplet gives no contributions to these results, what we have dis-
cussed above is also the case for the five-dimensional N = 1 theory. However, the existence
of the corresponding six-dimensional theory is not clear for us up to this point.
Recently, the authors of [23] and of [24] have considered superconformal indices of four-
dimensional N = 2 gauge theories with more parameters, and found that the indices give
rise to not just the q-deformed two-dimensional Yang-Mills theory, but the (q, t)-deformed
and the (p,q,t)-deformed ones. It would be interesting to extend the localization analysis
in this paper to these cases.
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A Gamma Matrices
The five-dimensional gamma matrices ΓM (M = 1, · · · , 5) satisfy{
ΓM , ΓN
}
= 2δMN ,
and they are given in terms of the three-dimensional gamma matrices γm = σm (m =
1, 2, 3) as
Γm = γm ⊗ σ2, Γ4 = 1⊗ σ1, Γ5 = 1⊗ σ3,
where σ1,2,3 are the Pauli matrices.
The five-dimensional charge conjugation matrix C5 satisfies(
ΓM
)T
= C5 Γ
M C−15 , (C5)
T = −C5,
where T denotes the transpose of the matrix, and it may be given in terms of the three-
dimensional charge conjugate matrix C3 = iσ2 as
C5 = C3 ⊗ 1.
B The Clebsch-Gordan Coefficients
B.1 The spin l representation ⊗ the spin 1 representation into
the spin J = l, l ± 1 representations
• the spin J = l + 1 representation
|J = l + 1,M = m〉〉
=
√
1
2(l + 1)(2l + 1)
[√
(l +m)(l +m+ 1) |l, m− 1〉 |1, 1〉
+
√
2(l +m+ 1)(l −m+ 1) |l, m〉 |1, 0〉+
√
(l −m)(l −m+ 1) |l, m+ 1〉 |1,−1〉
]
.
• the spin J = l representation
|J = l,M = m〉〉
=
√
1
2l(l + 1)
[
−
√
(l +m)(l −m+ 1) |l, m− 1〉 |1, 1〉
+
√
2m |l, m〉 |1, 0〉+
√
(l −m)(l +m+ 1) |l, m+ 1〉 |1,−1〉
]
.
• the spin J = l − 1 representation
|J = l − 1,M = m〉〉
=
√
1
2l(2l + 1)
[√
(l −m)(l −m+ 1) |l, m− 1〉 |1, 1〉
−
√
2(l +m)(l −m) |l, m〉 |1, 0〉+
√
(l +m)(l +m+ 1) |l, m+ 1〉 |1,−1〉
]
.
29
Furthermore, the action of the spin operator S3 on the state |J,M 〉〉 is obtained as
S3 |l + 1,M 〉〉
=
M
l + 1
|l + 1,M 〉〉 − 1
l + 1
√
l
2l + 1
√
(l +M + 1)(l −M + 1) |l,M 〉〉,
S3 |l,M 〉〉
=
√
1
l(l + 1)
[
− l
√
(l −M + 1)(l +M + 1)
(l + 1)(2l + 1)
|l + 1,M 〉〉
+M
√
1
l(2l + 1)
|l,M 〉〉 − (l + 1)
√
(l −M)(l +M)
l(2l + 1)
|l − 1,M 〉〉
]
,
S3 |l − 1,M 〉〉
= −M
l
|l − 1,M 〉〉 − 1
l
√
l + 1
2l + 1
√
(l +M)(l −M) |l,M 〉〉.
B.2 The spin l representation ⊗ the spin 1/2 representation into
the spin J = l ± 1/2 representations
• the spin J = l + 1/2 representation (m = −l − 1,−l, · · · , l − 1, l)
|J = l + 1
2
,M = m+
1
2
〉〉 =
√
l −m
2l + 1
|l, m+ 1〉 |1
2
,−1
2
〉+
√
l +m+ 1
2l + 1
|l, m〉 |1
2
,
1
2
〉.
• the spin J = l − 1/2 representation (m = −l, · · · , l − 1)
|J = l − 1
2
,M = m+
1
2
〉〉 =
√
l +m+ 1
2l + 1
|l, m+ 1〉 |1
2
,−1
2
〉 −
√
l −m
2l + 1
|l, m〉 |1
2
,
1
2
〉.
Furthermore, the action of the spin operator S3 on the state |J,M 〉〉 is obtained as
S3|l + 1
2
, m+
1
2
〉〉
=
1
2
2m+ 1
2l + 1
|l + 1
2
, m+
1
2
〉〉 −
√
(l +m+ 1)(l −m)
2l + 1
|l − 1
2
, m+
1
2
〉〉,
S3|l − 1
2
, m+
1
2
〉〉
= −
√
(l +m+ 1)(l −m)
2l + 1
|l + 1
2
, m+
1
2
〉〉 − 1
2
2m+ 1
2l + 1
|l − 1
2
, m+
1
2
〉〉.
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